Abstract. Let D be an integral domain with quotient field K, M a torsion-free D-module, X an indeterminate, and 
Introduction
Let R be a commutative ring with identity. For any R-module A, let
be the set of all polynomials in X with coefficients in A.
. For all f = m 0 + m 1 X + · · · + m k X k and g = n 0 + n 1 X + · · · + n l X l in A[X] with k ≤ l and h = a 0 + a 1 X + · · · + a n X n in R [X] , define the addition of f, g and the scalar product of f and h by the obvious way: . As in the case of polynomial rings, we define "f = 0 ⇔ m 0 = m 1 = · · · = m k = 0", and we also say that if m k = 0, then m k is the leading coefficient of f and k is the degree of f denoted by deg(f ) (For convenience, we let deg(0) = −∞). The content of a polynomial f ∈ A[X], denoted by c(f ), is the R-submodule of A generated by the coefficients of f , i.e., c(f ) = k i=0 Rm i . Let S 1 be a (saturated) multiplicative subset of R with 0 ∈ S 1 . The localization A S1 of A with respect to S 1 is defined obviously, and so A S1 is an R S1 -module. If P is a prime ideal of R, we write A P for A R\P . We say that A is an S 1 -torsion-free module if sa = 0 for s ∈ S 1 and a ∈ A implies a = 0. Clearly, if A is torsion-free, then A is S-torsion-free for any multiplicative subset S of R with 0 ∈ S. Note that the set {m ∈ A | sm = 0 for some s ∈ S 1 } is the kernel of the canonical R-module homomorphism α : A → A S1 given by m → m 1 . So if A is an S 1 -torsion-free module, then α is injective, and hence A can be considered as an R-submodule of A S1 ; in this case, we write m = s · , where I −1 = {x ∈ K | xI ⊆ D}, and let I t = ∪{J v | J ⊆ I is a nonzero finitely generated ideal of D} and I w = {x ∈ K | xJ ⊆ I for a nonzero finitely generated ideal J of D with J −1 = D}. Let * = v, t or w. We say that I is a * -ideal if I = I * . Clearly, I w ⊆ I t ⊆ I v , and hence v-ideals are t-ideals and t-ideals are w-ideals. Let * -Max(D) denote the set of * -ideals maximal among proper integral * -ideals of D. It is known that w-Max(D) = t-Max(D) and
For any undefined concepts and notations, see [2] , [4] or [9] .
Let M be a torsion-free D-module and More precisely, let X be an indeterminate and
In Section 1, we show that A is a Noetherian R-module if and only if 
Hilbert basis theorem and Noetherian modules
Throughout this section, R denotes a commutative ring with identity, A is an R-module, X is an indeterminate, and
The Hilbert basis theorem states that R is a Noetherian ring if and only if R[X] is a Noetherian ring. As the module analog, it is known that A is a Noetherian R-module if and only if A[X] is a Noetherian R[X]-module [2, Exercise 10, page 85], which implies the Hilbert basis theorem because R (resp.,
is a Noetherian ring if and only if R[X]
S is a Noetherian ring. In this section, we extend this result to Noetherian modules. Lemma 1.1. Let S 1 be a multiplicative subset of R, and assume that A is an S 1 -torsion-free module.
(
Proof.
(1) Clearly, (N ∩ A) S1 ⊆ N . For the reverse, let x ∈ N ⊆ A S1 , and so x = m s for some m ∈ A and s ∈ S 1 . As we noted in the introduction, A can be considered as an R-submodule of A S1 ; so sx = m ∈ N ∩ A. Hence
and let N k be the set of leading coefficients of polynomials of degree
is the leading coefficient of h, and hence a ± b ∈ N k . Thus N k is a subgroup of A. Next, if r ∈ R, then rf ∈ A[X]. If ra = 0, then ra ∈ N k . If ra = 0, then ra is the leading coefficient of rf and deg(rf ) = deg(f ) ≤ k; so ra ∈ N k . Thus N k is an R-submodule of A. 
We next give the main result of this section. For easy reference of the reader, we also give the proof of the fact that A is a Noetherian R-module if and only
Theorem 1.4. For any R-module A, the following statements are equivalent.
(1) A is a Noetherian R-module.
Proof. 
Since A is a Noetherian R-module, all the N k and N are finitely generated R-submodules of A. Let f 1 , . . . , f n ∈ B such that f i = a i X ri +(lower terms) and N = n i=1 Ra i . Let r = max{r 1 , . . . , r n }. For each j from 1 to r − 1, pick g j1 , . . . , g jkj ∈ B such that g ji = b ji X rji +(lower terms) and
then a ∈ N , and hence a = u 1 a 1 + u 2 a 2 + · · · + u n a n for some
and has degree ≤ m − 1. Repeating this process, we have polynomials 
Strong Mori modules
Let D denote an integral domain with quotient field K, M a torsion-free D-
Note
with a n = 0, then hf = a n m k X n+k + (lower terms), and since M is torsion-free, we have a n m k = 0, and hence hf = 0. Thus,
Lemma 2.1.
( 
. . . Thus by Lemma 2.2(1), we have
N k = (N k ∩ M ) P = (N k+i ∩ M ) P = N k+i for i = 1, 2, 3, . . . .
It is known that
ID P for all nonzero fractional ideals I of D. Our next result is a torsion-free module analog.
Lemma 2.4.
Conversely 
m+1 is finitely generated and (c(g)
We next give the main result of this paper, which generalizes the fact that
D is a strong Mori domain if and only if D[X] is a strong Mori domain if and only if D[X]
Nv is a Noetherian domain [3, Theorem 2.2] (Note that an integral domain R is a strong Mori (resp., Noetherian) domain if and only if R is a strong Mori (resp., Noetherian) R-module).
Theorem 2.5. The following statements are equivalent for a w-module M .
Since M is a strong Mori module, all the (N k ) w are finite type w-submodules of M and N = (N s ) w for some s.
Let
Nv g jm , and let Q be a maximal ideal of
, the proof of (1) ⇒ (2) of Theorem 1.4 shows that B D\P = A D\P . Thus by Lemma 2.1(5),
Since Q is an arbitrary maximal ideal of D[X] Nv , we conclude B Nv = A Nv = A. 
It is obvious that the map α 
Proof. This can be proved by induction on n and Corollary 2.7 applying to the exact sequence 0
The following lemma is a variant of [6, Corollary 2.15].
Lemma 2.9. Let M be a w-module. If ϕ : M → M is a module homomorphism, then the kernel of ϕ is a w-module.
Proof. Let N be the kernel of ϕ. If x ∈ N w , there exists a J ∈ GV (D) such that Jx ∈ N . Choose 0 = a ∈ J; then ax ∈ N , and hence 0 = ϕ(ax) = aϕ(x). Since M is torsion-free, we have ϕ(x) = 0, and hence x ∈ N . Thus N w ⊆ N . Proof. It suffices to prove that ϕ is injective. Let ϕ 2 = ϕ • ϕ and ϕ n = ϕ n−1 • ϕ for all integers n ≥ 2. Clearly, ϕ n is a D-module homomorphism from M onto itself. Hence ker(ϕ n ), the kernel of ϕ n , is a w-module by Lemma 2.9, and since ker(ϕ) ⊆ ker(ϕ 2 ) ⊆ · · · , there exists a positive integer k such that ker(ϕ k ) = ker(ϕ k+i ) for i = 1, 2, . . . . Let u ∈ ker(ϕ). Then u ∈ ker(ϕ k ). Since ϕ k is onto, there exists v ∈ M such that u = ϕ k (v). Then 0 = ϕ k (u) = ϕ 2k (v); so v ∈ ker(ϕ 2k ) = ker(ϕ k ), and hence u = ϕ k (v) = 0. Thus ϕ is injective.
Remark 2.11. As in [8] , we say that M is of finite type if there is a finitely generated submodule B of M such that M P = B P for all P ∈ w-Max(D); M is w-Noetherian if every submodule of M is of finite type; and a sequence A → B → C of modules is w-exact if the sequence A P → B P → C P is exact for any maximal w-ideal P of D. 
